In this paper, a function involving the divided difference of the psi function is proved to be completely monotonic, a class of inequalities involving sums is found, and an equivalent relation between complete monotonicity and one of the class of inequalities is established.
Introduction
It is well known that the classical Euler's gamma function 0.x/ is one of the most important special functions and has extensive applications in many fields of science, for example, in statistics, physics, engineering and the mathematical sciences. The logarithmic derivative of 0.x/, denoted by .x/ = 0 .x/=0.x/, is called the psi or digamma function, and the derivatives .i/ .x/ for i ∈ N of the psi function .x/ are known as the polygamma or multigamma functions.
A function f is said to be completely monotonic on an interval I if f has derivatives of all orders on I and 0 ≤ .−1/ n f .n/ .x/ < ∞ for x ∈ I and n ≥ 0 [11] . A positive function f is called logarithmically completely monotonic on an interval I if f has derivatives of all orders on I and its logarithm ln f satisfies 0 ≤ .−1/ k [ln f .x/] .k/ < ∞ for all k ∈ N on I . The set of the completely monotonic functions on I is denoted Feng Qi [2] by [I ] and the set of the logarithmically completely monotonic functions on I is denoted by Ä [I ] . It is proved in [3, 11, 13, 16] [8] and [15] it is pointed out that the logarithmically completely monotonic functions on .0; ∞/ can be characterized as the infinitely divisible completely monotonic functions. In the recent past, numerous functions, which are defined in terms of the gamma, polygamma, and other special functions, have been proved to be (logarithmically) completely monotonic and this fact is used to derive many interesting new inequalities (see, for example, [1, 3, 4, 5, 6, 8, 11, 14, 15, 16] and the references therein).
Kershaw's inequality [9] states that
for 0 < s < 1 and x ≥ 1, which improved the corresponding result in [7] . In [4, 6, 10, 14] , in order to obtain the best upper and lower bounds for the double inequality (1.1), the monotonicity and convexity properties of the function
in x ∈ .−Þ; ∞/ are verified, where s and t are nonnegative numbers and Þ = min{s; t}.
In [4, 6, 10, 14] , in order to prove the monotonicity and convexity of (1.2), the function
.−Þ; ∞/, involving the divided difference of the psi function, is derived. Recently, the positivity of the function Ž 0;0 .x/ = .x/ − 1=x − 1=2x 2 was proved in [2] , [5] and [12] respectively.
The first aim of this paper is to prove the complete monotonicity property of the function Ž s;t .x/. THEOREM 1.1. Let s and t be nonnegative numbers and Þ = min{s; t}. Then the functions Ž s;t .x/ for |t − s| < 1 and −Ž s;t .x/ for |t − s| > 1 are completely monotonic in x ∈ .−Þ; ∞/. [3] A completely monotonic function and an equivalent inequality 525
The second aim of this paper is to found a class of inequalities involving sums. 
holds for b − a > −Â and the inequality is reversed for b − a < −Â . If a < −Â and b < −Â , then the inequalities 
REMARK 2. Hinted at by Theorem 1.2, the following open problem is posed: Let k be a nonnegative integer and Â a positive constant. Discuss the validity of the inequality
or its reverse for a; b ∈ {0; −Â }. 
Proofs of theorems
The following lemma is fundamental to this paper.
PROOF. By induction, for any x ∈ I , we have
We only need to prove that the function Ž 0;0 .x/ = .x/ − 1=x − 1=2x 2 is completely monotonic on .0; ∞/. Successive differentiation of the function Ž 0;0 .x/ with respect to x > 0 yields
for a nonnegative integer k. It is well known that the polygamma functions .n/ .x/ can be expressed as Applying formulae (2.2) and (2.3) in (2.1) yields
Thus the function Ž 0;0 .x/ is completely monotonic in .0; ∞/.
(2) Case Ž s;t .x/ for s = t. The function Ž s;t .x/ can be rewritten as
so, for nonnegative integer k,
Taking the logarithm of the difference equation 0.x+1/ = x0.x/ and consecutively differentiating yields
for i ∈ N and x > 0. In the following, for convenience and simplicity, denote p = x + s > 0 and q = x + t > 0, when there is no confusion in the context.
Using formulae (2.3) and (2.4), we obtain 
(1) For p > 0 and q > 0, formula (2.5) tells us that T k . p; q/ 0 for |q − p| 1. Considering (2.6), it is concluded that if p > 0 and q > 0 then the inequality
holds for q − p > −1 and reverses for q − p < −1.
(2) For p < −1 and q < −1, utilizing (2.3) reveals
Thus .−1/ k T k . p; q/ 0 for |q − p| 1. On combining this with (2.6), we deduce Feng Qi [8] that if p < −1 and q < −1, then the inequalities (2.9) hold for q − p > −1 and are reversed for q − p < −1.
(3) For −1 < p < 0 and −1 < q < 0, by using (2.3), we have
.− p/ k+1
If k is even, then T k . p; q/ > 0 and inequality (2.8) holds for all −1 < p < 0 and −1 < q < 0. If k is odd, then T k . p; q/ 0 for p + q + 1 0, and inequality (2.9) is valid for p + q + 1 > 0 and is reversed for p + q + 1 < 0.
(4) For p < −1 and q > 0, using (2.3) shows
If k is even, then T k . p; q/ < 0 and inequality (2.8) holds for all p < −1 and q > 0 by (2.6). If k is odd, then T k . p; q/ 0 for p + q + 1 0, and inequality (2.9) holds for p + q + 1 > 0 and reverses for p + q + 1 < 0.
(5) For p > 0 and q < −1, by using (2.3), we obtain
If k is even, then T k . p; q/ < 0 and inequality (2.8) is reversed for all p > 0 and q < −1. If k is odd, T k . p; q/ 0 for p + q + 1 0, and then the inequality (2.9) holds for p + q + 1 < 0 and reverses for p + q + 1 > 0.
(6) Letting Â > 0 and substituting p = a=Â and q = b=Â into (2.7) leads to
which is equivalent to (1.3) . Similarly, inequalities (1.4) and (1.5) can be deduced by substituting p = a=Â and q = b=Â into (2.8) and (2.9). 
